It has recently been proposed that the hierarchy problem can be solved by considering the warped fifth dimension compactified on S 1 /Z 2 . Many attempts in this scenario assume a particular choice for an integration constant σ 0 that appears when one solves the five-dimensional Einstein equation. Since σ 0 is not determined by the boundary condition of the five-dimensional theory, σ 0 may be regarded as a gauge degree of freedom in a sense. So far the four-dimensional Planck mass apparently depends on σ 0 . In this paper, we carefully discuss this issue of the integration constant σ 0 , and present the σ 0 -independent relation between the four-dimensional Planck mass M Pl and five-dimensional fundamental mass scale M . As a result, Planck mass takes different value on the brane at each boundary, and remarkably enough, we can take M to TeV region when we consider the models with Standard Model confined on the distant brane. We also check that the physical masses on the distant brane do not depend on σ 0 by taking a bulk scalar field as an illustrative example. The resulting mass scale of the Kaluza-Klein modes is of the order of M .
Introduction
A vast gap between the electroweak scale and the Planck scale, known as the hierarchy problem, remains as a major mystery in particle physics. Recently, it has been suggested that large compactified extra dimensions may provide a solution to the hierarchy problem [1] . The relation between the four-dimensional Planck scale M Pl and higher dimensional scale M is given by M Pl = M n+2 V n , where V n is the volume of the extra compactified dimensions. If V n is large enough, M can be of the order O(TeV). Unfortunately, this scenario alone does not completely solve the problem. The original hierarchy is translated into another hierarchy between M and the compactification scale r c = V −1/n n . In Ref. [2] , Randall and Sundrum (RS) proposed an alternative scenario based on an extra dimension compactified on S 1 /Z 2 with three-branes located at two boundaries. Standard Model fields are assumed to be confined on the distant threebrane, while gravitons propagate in the five-dimensional bulk. The background metric takes the form
where x M = (x µ , y) is the coordinate of the five-dimensional spacetime. The function σ(y) is found by solving the five-dimensional Einstein equation to be
where k is the curvature scale related to the five-dimensional cosmological constant Λ. It was then shown that the effective Planck mass in four dimensions is given by the formula
where r c is the radius of the fifth dimension. Two things are to be noticed. The first point is that according to the above formula (3), the four-dimensional Planck mass is 'universal' ; it takes the same value on both branes located at different boundaries. On the other hand, it was argued that mass scales on the distant brane located at y = πr c are rescaled by a warp factor e −πkrc . It is this difference that generates the hierarchy
The second point to be noticed is that the formula (3) apparently contains the integration constant σ 0 , which is left undetermined by the boundary condition of the five-dimensional theory. Moreover, a certain kind of symmetry under the exchange of two boundaries is not manifest in this formula (3), as was pointed out in Ref. [4] . In this paper, we argue that these two points are intimately related to each other. We carefully discuss the issue of σ 0 and point out that the value of the four-dimensional Planck mass differs from hidden to visible, that is, non-universal. This paper is organized as follows. After a review of the RS model in Section 2, we present our formula for Planck mass in Section 3. In Section 4, we apply our prescription for a bulk scalar field for example and examine masses of Kaluza-Klein (KK) modes of it [5] . We show that their masses are also independent of σ 0 . As a result, in k > 0 scenario, we can adjust M to TeV region by identifying Planck mass on the distant brane as 10
18 GeV, and find that mass of the KK modes of the order of M. Section 5 is devoted to our conclusion and discussion.
RS Model
First, we review the derivation of the four-dimensional Planck mass in the scenario of Ref. [2] .
The background metric of the model takes the form
where x M = (x µ , y) is the coordinate of the five-dimensional spacetime, and the fifth dimension is compactified on S 1 /Z 2 with the radius r c . The fundamental region of the fifth dimension is given by 0 ≤ y ≤ πr c . A set of three-branes are located at each fixed point y = y i of S 1 /Z 2 . The brane at y 0 = 0 is called hidden brane and the brane at y 1 = πr c visible. Here and hereafter, we use the subscripts i = 0, 1 for quantities at y = 0, πr c , respectively.
The action is
where g
µν (x) = G µν (x, y = y i ) is the induced metric on the i-th brane, and the brane tensions V (i) is subtracted from the three-brane Lagrangians.
With the metric (5), the five-dimensional Einstein equation reduces to two differential equations for σ(y); by denoting σ ′ = ∂ y σ,
The solution to the first equation (7) is given by
with
Here, σ 0 is the integration constant which is not determined by the boundary condition of the five-dimensional theory. † Conventionally this integration constant σ 0 is omitted by saying that it just amounts to an overall constant rescaling of x µ . Irrespectively of the value of σ 0 , the consistency of the solution (9) with the second equation (8) requires that the brane tensions and bulk cosmological constant are related by
According to Ref [2] , we consider a fluctuation h µν from Minkowski spacetime metric η µν , and replace η µν by a four-dimensional metric g µν = η µν + h µν . Then,
where R(g) denotes the four-dimensional scalar curvature constructed from g µν . This gives the formula (3) for the 'universal' four-dimensional Planck mass ‡
We stress that this expression for Planck mass depends on the integration constant σ 0 . If one takes a choice σ 0 = 0 as in Ref. [2] , then the above expression reduces to
With this choice, one is forced to take M to be of the order of M Pl ∼ 10 18 GeV when one consider k > 0.
As was pointed out in Ref. [4] , we are free to choose the y-independent constant σ 0 in Eq.(9). A particular choice σ 0 = −πkr c /2 was made so as to meet the requirement that the expression for M Pl is manifestly invariant for the changing k → −k, which amounts to exchanging the role of two boundaries. Then, the four-dimensional Planck mass is written as
As was already noted in Ref. [4] , however, it is bound to be the truth that the change of σ 0 has no net physical effect and must not change the values of fourdimensional physical quantities. Therefore the physical quantities should have the above exchanging-symmetry without choosing σ 0 . In other words, physical quantities including Planck mass should have the following two properties. First, they are independent of σ 0 . Second, they are not affected by the above brane-exchanging.
In the subsequent section, we will present such a prescription that naturally realizes these two properties.
Four-Dimensional Effective Planck Mass
As stated previously, a choice of σ 0 has no net physical effect, and must not change the values of physical quantities. That is, all the physical quantities, including Planck mass, must be independent of σ 0 . In this sense σ 0 may be regarded as a gauge ‡ We follow the normalizaton of Ref. [2] . degree of freedom. In particular, the σ 0 -independence of the four-dimensional Planck mass may be understood by the following argument. Observe that σ 0 determines the relative ratio of the length scales between the fifth-dimensional direction and four-dimensional one at y = 0. Therefore, after we have integrated over the full fifth dimension when calculating M Pl , the freedom of this relative ratio will be invisible in the effective theory.
To find the four-dimensional Planck mass more carefully, we consider in which location y the four-dimensional Planck mass is measured. Since the positions of the branes are y = y i in the fifth dimension, the metric along the i-th brane is ds 2 = e −2σ i η µν dx µ dx ν . This metric becomes the Minkowski one η µν by choosing the coordinates x µ i = e −σ i x µ on the i-th brane, that is,
. In this way, we are led to consider the effective theory on the i-th brane by using the coordinate x µ i = e −σ i x µ on it. As a result, the values of Planck mass are different brane to brane.
Let us recapitulate this in some different way. Generally the induced metric on the i-th brane is given by
where ξ µ i is the coordinates on the i-th brane, and x µ = x µ (ξ i ), y = y i determines the embedding of this brane into five-dimensional spacetime. If one choose x µ = ξ µ i
as was implicitly done in Ref. [2] , the induced metric (16) becomes
On the other hand, we proposed to choose x µ = e σ i ξ µ i so that the induced metric reduces to the Minkowski one ;
From now on, we denote the i-th brane coordinate ξ µ i by x µ i = e −σ i x µ . Let us make the above observation concrete. In the expression
we change the integration variables as x µ = e σ i x µ i . We then obtain
where σ i = σ(y i ), and R(g; x i ) denotes the four-dimensional scalar curvature constructed from the metric g µν with the coordinate x µ i . It follows
With this expression (21), M Pl(i) is clearly independent of σ 0 . Explicitly, we find
on the brane at y = 0 and
on the brane y = πr c . Note that these expressions go into each other by replacing k with −k. Thus our results naturally satisfy two properties stated in the previous section.
The most important aspect of the RS model is that it gives rise to a localized graviton field [3] . Our results (22) and (23) can naturally be understood from this fact; the small Planck scale M Pl(0) arises because of the localized graviton in the fifth dimension near the brane of a positive tension while the large Planck scale M Pl (1) arises because of the small overlap of the graviton with the brane of a negative tension. § Eliminating M, we obtain
This is an example of the general rule. From the metric (5), the length scale L (i) on the i-th brane and L bulk in the bulk are always related by
In terms of the mass scale, m (i) = e σ i M. Therefore, the scales on two branes are related by
This exponential factor determines the natural relation between mass scales on two branes. Now, we consider the scenario of Ref. [2] where Standard Model fields are assumed to be confined on the brane at y = πr c with a negative tension. We also take k > 0 for definiteness. Then, according to our prescription, the Planck scale is
We see that the fundamental mass scale M becomes much smaller than the Planck scale, unlike the original proposal [2] . As a result, it is perfectly possible that the fundamental scale M lies in TeV region.
Physical Mass Scale
In order to check from another viewpoint that the physical quantities are independent of σ 0 , we take a massless bulk scalar field as an illustrative example, and examine the masses of the KK modes. Extensions to a massive bulk scalar field and a bulk gauge field are straightforward. The action is given by
where 2 ≡ η µν ∂ µ ∂ ν . The KK modes expansion is
where the mode functions χ n (y) are chosen to satisfy
with mass eigenvalues M n . The solutions to this equation are related to Bessel functions J 2 and Y 2 of order two [5] . We should be careful with Eq.(29) however, since it still contains σ 0 . As the orthnormality condition for χ n , let us take
Conclusions
The most important point in our treatment is to make the brane coordinate transformation, by which the induced metric on each brane becomes Minkowski metric η µν . When measured with such brane coordinates, the four-dimensional Planck mass becomes different on each brane. We found that the four-dimensional Planck mass, when calculated by this procedure, does not depend on the integration constant σ 0 . We showed that the masses of the KK modes are also independent of σ 0 in a massless bulk scalar. This holds for any kinds of fields. Moreover the exchanging-symmetry is manifest in our expression for the Planck masses. On the brane with a negative tension, the Planck mass is always much larger than on the brane with a positive tension. This fact is interpreted as the smallness of the gravitational coupling constant, that is, the small overlap of the graviton with the former brane. When we identify the brane of a negative tension with the visible brane, the fundamental scale M can be significantly smaller than the Planck mass, and the masses of the KK modes are of the same order as M in the massless bulk scalar. We can summarize the above statement as follows. When we estimate the values of physical quantities, we must multiply the warp factor corresponding to their mass dimension to the values in the bulk. This rule is not exceptional to the Planck mass.
The most striking result is that the fundamental scale M in the five-dimensional theory can be significantly smaller than that was supposed so far. It can lie in TeV region for instance. Given this, it will be interesting to find a direct evidence for the extra dimension in Randall-Sundrum type scenario. High-energy accelerator experiments in near future might directly prove the existence of the extra dimension.
